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First Order ODE
1. Reduction to Separable Form
s (Y
y =9 (;)
Seti—/to bev,theny =vxandy = v+ xv’

2. Linear Change of Variable
y' = f(ax+ by +c)
where f is continuous and b # 0, solve by setting
u=ax+by+c

Linear First Order ODE

1. Integrating Factor
dy

TPy = Q)

Obtain the integrating factor R,
R(x) — efP(x) dx
Solve by setting:
Ry' + RPy = RQ or (Ry)' = RQ

2. Reduction to Linear Form (Bernoulli Equation)
¥y + Py =Q()y"

Solve by rewriting:
Yy +yPG) = q(x)
Setyl™ =z,502 = (1 —n)y ™y,
z’+(1—n)P(x)z=(1-n)q(x)

Linear Second Order Homogenous ODE

1. Characteristic Equation

y" + ay’ + by = 0 has the characteristic equation:
A+al+b=0

1
A, =§(—ai\/az—4b)

2. Distinct Roots
y = AeM* + Bee¥

3. Real Double Roots
ax
y=(A+Bx)e 2z

4. Complex Roots (1,1, = % + iw)

ax
y = (Acoswx + Bsinwx)e 2

Linear Second Order Nonhomogeneous ODE
1. General Solution
Y+ Py +Q(x)y = R(x)
y(x) =y, (x) + ¥, (x)

2. Method of Undetermined Coefficient (Polynomial)
y'tay +y=x*+x+2
Tryy = Ax?+ Bx + C:
Ax?>+ (B—8A)x+2A—4B+C=x*+x+2

Compare coefficients:
A=1,B=9,C=36
2y, () =x%4+9x +36

3. Method of Undetermined Coefficient (Exponential)
yu _ 4yl + zy — 2x382x

Tryy = ue?
urrezx _ ZueZX — 2x3€2x
u" —2u =2x3
Solve using Undetermined Coefficient (Polynomial), u = —x3 — 3x
2 yp() = (=2 = 3x)e?

4. Method of Undetermined Coefficient (Trigonometry)

y" + 4y = 16x sin 2x
Solve instead z”” + 4z = 16xe’?* using Method of Undetermined
Coefficient (Exponential):

u" +4iu’ = 16x
Solve using Undetermined Coefficient (Polynomial), u = —2ix? + x and
z = (=2ix? + x)e?*
~ ¥, (x) = Imz = xsin 2x — 2x? cos 2x

5. Method of Variations of Parameters
Yp () = u(x)y1 (x) + v(x)y(x)
Yr(x) = Ay; (x) + By, (x)
Yol
u=-—| ————dx
Y1V = V1 )2

_f T
v = ﬁd}(
ViYa=V1 )2

Simple Harmonic Motion
mL6 = —mgsin0

271_2 7
5 /9

Unstable Equilibrium (6 = m):
sinf =~ —(6 —m)
mL = mg(® —m)
6 — 1 = Ae(Vo/L)t 4 pe~(Jo/L)t

Stable Equilibrium (6 = 0):

sinf ~ 6
mLé = —mg6
6= —%9 = —w?0
6 = Acoswt + Bsinwt or 8 = A cos(wt — §)

Damping:
For a SHM with equation:
AX¥+Bx+Cx=0

Underdamped if B2 — 4AC < 0
Critically damped if B2 — 4AC = 0
Overdamped if B2 — 4AC > 0

Forced Oscillations
No force applied:

m¥ = —kx = —mw?x

Force applied:

mx + kx = Fycosat
2Fy/m  ja—w C[[atw
x—az_wzsm[( > )t]sm[( 2 )t]

At resonance (a = w):

Fot
2mw

x= sin(wt)

Conservation

1
— Z 2 2
E me + > kx
Malthus Model
N _ (B—D)N =kN
dt -
N(t) = Nye*t

Logistic Model
dN
— =BN — DN = BN — sN?

dt
B
Ny = —
s
B
s+(N——s)e‘Bt
0
B
N({t)=——x—— o N(t) > N,

s— (s _Nﬂo) e~ Bt

Logistic Model with Harvesting

dN
E=BN—DN—E =N(B—-sN)—E
Population wiped out:
BZ
E>—
4s
Population at stable equilibrium 8, & g8, > B;:
BZ
E<—
4s
—B +VB% —4Es
BB = )
S
Population at unstable equilibrium:
BZ
T s
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Wave Equation

Laplace Transformation of Derivatives

Integration and Differentiation Techniques

o LQu(t — a)) = eT

L(E(t—a) =e™*
S L7Y) =6(b)

Partial Differential Equation

1
2.

Uy = 2Uy,, u(0,t) = u(3,t) = 0,u(x,0) = 5sin4mx
Setu(x,y) = XY (), uye = X" ()Y (y) and uy, = X(x)Y'(»)
Substitute u, u,, and u,, into equation to obtain

X"—kX=0andY' —2kY =0

No g Mo

L0y _ oy L(F SL() — 1 (0) 16 [0
) axz~ at? L) S2L(f) = sf(0) — f'(0) sin™t x 1
y(6.) =[G+ et) + f(x = )] LG SL() = s*(0) = sf'(0) = F'(0) _ =2
costx
Laplace Transformation of Integrals T —az
Heat Equation P L 1 p— 11_ X
U = Py L <f f(-[)d-[> = gﬁ(f) an~t'x .
u(0,t) =u(L,t)=0 0 1+tx
u(x, 0) = £(x) cscx cscx cotx
! Trigonometric Identities secx secx tanx
Laplace Transformation cscx = _1 secx = —— sinh™ x L
sinx COSX 1/ 2
L(1) = l L(e®) = sin x COS X h-1 L +1x
S s—a tanx = cotx = — cosh™x
n! N COSX sinx =
L") = o7 L) == sin(A + B) = sinA cos B + cosAsinB — 1
s 243/2 — — - tanh™ x
S a cos(4A £ B) = cosAcosB F sin4sinB 11—
=— i =— + ’ i
L(coshat) FE L(sinh at) Py tan(A + B) = % fx)g(x) f(x)g’(x) +f (x)g,(x)
L(cosat) = 21 a2 L(sinat) = 2 1 42 sin2A4 = 2sinAcos A f®) 9&f (x)z— f)g')
( ) s2_ g2 cos2A = cos? A—sin?A=2cos?A—1=1—2sin*4 9() g2()
L(tcosat) = ———= 2tan A
(s2 +a?)? tan24 = ———— f&x) Jf(x)dx
2as 1—tan?4 1 X
L(t sin at) = m inA+sinB = 2si B A-B P SiIl_1 (—)
= sin sinB = smA 2 BcosA _%_ _ W : ax
L(cosat —atsinat) = ——— e o AT Ztan-'(Z
(522+ a32)22 sinA —sinB = 2 sin cos > 21 a? 2 an. (a)
L(cosat+atsinat)=s(s + 3a?) A+ cosB = 2 A+B A-B tan x In(sin x)
(s2 +a?)? cos Cosh = acos——cos— cscx —In(cscx + cotx)
. 2 A—cosB = —2si A+B A-B secx In(secx + tanx)
L(sinat — at cosat) = GEYOE cos cosB = —2sin——sin— pr s Zax
2a? ; L1 _B)— 2 ax
L(sin at + at cos at) = Tt sinAsinB = > [cos(A — B) — cos(4 + B)] o ax T sinoax
1 Z
ssinb +acosbh =— - 2 4x
L(sin(at + b)) = e cosAcosB 21[cos(A B) + cos(4 + B)] 1 ilnx T
—aq ; _ e ; _ a? — x? 2a_x—a
Lcos(at + b)) = s cosslzJ - Zzsm b sinAcosB = % [sin(4 + B) + sin(A — B)] 1 1 nx -
. . . 2 _ g2
(et n! cosAsinB = 5 [sin(4 + B) — sin(A — B)] xuv’ dcplc uia— xu-’:zsx
(S — a)n+1
s—a . .
L(e coswt) = G Hyperbolic FunCtlggi — = Partial Fractions
e si _ w coshx = ——— sinhx = ——— px+gq — A + B
(e sinwt) = Goafial 2 2 (ax+b)(cx+d) ax+b cx+d
-1 -1
£(e% cosh wt) s—a sinh x=ln(x+ x2+1) cosh x=ln(xi x2—1) px2+qx+r A . B . C
coshwt) = ——— =
€ (s —a)? — w? tanhx = eX—e™* e?* —1 (ax+b)(ex+d)? ax+b cx+d  (cx+d)?
L(e‘“sinhwt):% Y = vy ex ey g pxi+qx+r _ A +Bx+C
(s—a)P-w tanh~1x = =1 1+x (ax+b)(x* +c?) ax+b x%+c?
L(f(t — au(t —a)) = e L(f(£)) R S
—as

Solve to obtain X (x) = a cosv—kx + b sinV—kx and Y (y) = Ae?*¥
Using boundary conditions, X(0) = a = 0,X(3) = bsin3v—k =0

nm -n?m? _an?rly o
\/—k=?,k= 5 u, (x,y) = b,e” o sin—-

» u(x,0) = 5sindmx,n =12
~uy(xy) = 5e732%°Y gin dmrx




